In a rst course in representation theory one usually learns that there are two important relations for characters of a nite group, the rst orthogonality relation and the second orthogonality relation. When one moves on to study algebras which are not necessarily group algebras it is not clear, apriori, that the study of characters would be fruitful, and one encounters various problems in developing a theory analogous to that for nite groups. It is true, however, that the characters of algebras, such as the Iwahori-Hecke algebras, the Brauer algebras and the Birman-Wenzl algebras, are well-de ned and important. An analogue of the rst orthogonality relation for characters of such algebras is understood and appears in CR]. In the appendix of this paper we show that the second orthogonality relation for characters makes sense for split semisimple algebras (although it is no longer an orthogonality relation).
Introduction
In a rst course in representation theory one usually learns that there are two important relations for characters of a nite group, the rst orthogonality relation and the second orthogonality relation. When one moves on to study algebras which are not necessarily group algebras it is not clear, apriori, that the study of characters would be fruitful, and one encounters various problems in developing a theory analogous to that for nite groups. It is true, however, that the characters of algebras, such as the Iwahori-Hecke algebras, the Brauer algebras and the Birman-Wenzl algebras, are well-de ned and important. An analogue of the rst orthogonality relation for characters of such algebras is understood and appears in CR] . In the appendix of this paper we show that the second orthogonality relation for characters makes sense for split semisimple algebras (although it is no longer an orthogonality relation).
This paper is concerned with the \second orthogonality relation" for the Brauer algebras. We derive this relation explicitly. After a talk on the results in sections 1 and 2 of this paper at University of Bordeaux I, R. Stanley sketched an alternate proof of the results in section 1 using the combinatorial interpretation of the characters of the Brauer algebra and tools from his paper St] . Here we present the proof of Stanley's as a theorem purely about the combinatorial rule for the characters of the Brauer algebras. Then we study the naturally occuring weight space representations of the Brauer algebra. Putting the three facets together, we are able to give a new derivation of the irreducible characters of the Brauer algebras.
I would like to mention, here in the introduction so that it gets noticed, that I have been unable to compute the second relation for characters explicitly in either the case of the Iwahori-Hecke algebra of type A or the case of the Birman-Wenzl algebra. Computing these relations could be useful in the study of representations of quantum groups and/or q-di erential posets and/or q-Hermite polynomials.
This paper is organized as follows:
In the appendix we give an argument that there is an analogue of the second orthogonality relation for characters of a nite group in the case of any nite dimensional algebra with a nondegenerate trace form (in particular a split semisimple algebra). The purpose of this is to show that the study of the second relation for characters makes sense for the case of the Brauer algebra. We have put this material in an appendix as it is primarily algebraic in nature and is not needed in the rest of paper.
In section 1 we derive by an enumerative argument the explicit form of the second relation for characters of the Brauer algebra. It is interesting to note that the formulas can be expressed in terms of products of certain Hermite polynomials. In section 2 we give an application of our result of section 1 to Weyl group symmetric functions of types B; C; D. P. Diaconis and M. Shahshahani DS] have also applied these results in their study of the eigenvalues of random orthogonal and symplectic matrices. In Section 3 we present Stanley's proof of analogous \second relation" formulas for certain numbers determined by up-down border strip tableaux.
In section 4 we show that the \second orthogonality relations" of sections 1 and 3 can be used to give a new proof of the fact that the numbers determined by weighted sums of up-down border strip tableaux actually are the characters of the Brauer algebras. This proof is in the same vein as Frobenius' original derivation of the characters of the symmetric groups. This approach also gives a new proof of the Frobenius formula for the Brauer algebras. This proof is quite elementary and the \second orthogonality relations" are used in place of the Weyl character formula which was used in the original proof R1].
There are several people to whom I would like to extend thanks. First and foremost, thanks to P. Diaconis for encouragement and for asking me questions. Thanks to R. Askey for his help in sorting out 7 one de nes a Brauer algebra B m ( ) over C 7 as the C 7 -linear span of the m-diagrams where the multiplication is given as above except with x replaced by . Although we shall state our results for the algebra B m (x), unless otherwise stated, they also hold for the algebras B m ( ) (replacing x by ).
Under the above multiplication the m-diagrams with only vertical edges form a symmetric group S m inside the Brauer algebra. For 1 i m ? 1, let
and E i = i i+1
The elements of the set fG i ; E i j 1 i f ? 1g generate B m (x). (1:9)
Let d 2 ; 2m and assume that d = d. Imagine that is placed above d in order to compute the product d. We shall say that a horizontal edge in the top row of d which connects a dot which is underneath a cycle i in to a dot which is underneath a cycle j in is an edge connecting the cycles i and j . Then one must have that 1) d does not contain any horizontal edges in the top row which connect cycles of of di erent length. 2) If there is an edge in d connecting two cycles of length k then all dots under the rst cycle must be connected to dots in the second cycle. There are exactly k di erent possible con gurations of edges on these cycles. In some sense, takes a diagram, splits it down the horizontal centerline, puts a hinge on the right hand side, and opens it up to be twice as long.
It is clear that is a bijection.
The following computation now follows immediately.
where q is the same diagram as b except turned over. The fact that ; 2m (c q) = ; 2m (c b) follows from Theorem (1.5) and the fact that the cycle type of b is the same as the cycle type of q.
(1.11) Corollary. Let = (1 m1 2 m2 ) be a partition of m?2k, 0 k bm=2c, and let = (1 n1 2 n2 ) be a partition of m?2`, 0 ` bm=2c. Let denote the partition given by = (1 (m1+n1) 2 (m2+n2) ). Then btr m (E k ; E ` ) = x k+`f ( ); where f( ) is given by (1.7).
(1.12) Corollary. Let = (1 m1 2 m2 ) be a partition of m ? 2h, 0 h bm=2c, and let^ = (2 m2 ).
Then (1.13) Theorem. Suppose that B m ( ) is semisimple and that, for each 2B m , denotes the irreducible character of B m ( ) corresponding to . Let = (1 m1 2 m2 ) be a partition of m ? 2k, 0 k bm=2c, and let = (1 n1 2 n2 ) be a partition of m ? 2`, 0 ` bm=2c. Let denote the partition given by = (1 (m1+n1) 2 (m2+n2) ). Then
where f( ) is given by (1.7). Proof. This follows from Corollary (1.11) in exactly the same way that Theorem (6.4) follows from Theorem (6.3) in the appendix.
Remark. P. Diaconis and M. Shahshahani DS] have applied this result in order to study the eigenvalues of random orthogonal and symplectic matrices. This means that several important traces on the Brauer algebra are given by products of Hermite polynomials. It is not known whether this is merely coincidence or whether there is a good algebraic reason why they should be connected. Combinatorially, it is not too surprising that the Hermite polynomials appear as it is well known V] that the Hermite polynomials can be given a combinatorial interpretation in terms of k-matchings in complete graphs. Since the m-diagrams which form a basis of the Brauer algebra can be viewed as matchings in the complete graph on 2m points it is not unreasonable that they should be related to the Hermite polynomials.
2. An application to Weyl group symmetric functions Type A The Weyl group of type A n?1 is the symmetric group S n . De ne =C 7 x 1 ; x ?1 1 ; x 2 ; x ?1 2 ; : : :; x n ; x ?1 n ] Sn ; i.e., the set of S n -invariant polynomials in x 1 ; x 2 ; : : :; x n , where S n acts by permuting the n variables.
For each partition = ( 1 ; 2 ; : : :; n ) de ne
The Schur functions s , form a basis of ( Mac] Ch.I (3.2)). De ne an inner product on by de ning hs ; s i = :
For each integer r > 0 de ne p r = P n i=1 x r i ; and for a partition = ( 1 ; 2 ; : : :; `) de ne p = p 1 p 2 p `: One has the following standard results. For each integer r > 0 de ne pb r = 1 + P n i=1 x r i + x ?r i ; and for a partition = ( 1 ; 2 ; : : :; `) de ne pb = pb 1 pb 2 pb `: The following analogue of (2.1) is proved in R1]. We shall give a new, almost completely combinatorial, proof in section 5. The result now follows from (1.13). The sc , form a basis of c De ne an inner product on c by de ning hsc ; sc i c = :
For each integer r > 0 de ne pc r = P n i=1 x r i + x ?r i ; and for a partition = ( 1 ; 2 ; : : :; `) de ne pc = pc 1 pc 2 pc `:
The following analogue of (2.1) is proved in R1].
(2.6) Theorem. (Frobenius formula Type C) Suppose that n >> m. Let 2B m and suppose that `m ? 2k. Then
where is the irreducible character of B m (x) corresponding to 2B m and 0 denotes the conjugate partition to and E k is as in (1.4).
(2.8) Theorem. Let ; be partitions and let k = j(j j ? j j)j. Suppose that = (1 m1 2 m2 : : :) and = (1 n1 2 n2 : : :) and de ne = (1 m1+n1 2 m2+n2 : : :). Then (assuming n large)
hpc ; pc i c = 0; if k is odd, (?1) j j?`( ) f( ); otherwise, where f( ) is given as in (1.7). Proof. The proof is exactly analogous to the proof of Theorem (2.5) for type B. Type D A similar result follows in exactly the same way for type D but there are some annoying special cases which must be considered. We shall not unwind these here, the proof of an analogue of Theorem is exactly the same and we refer the reader to R1] for the appropriate de nitions and analogue of (2.1).
A \second orthogonality" via tools from di erential posets
The following approach and a sketch of the proof of Theorem (3.12) below was given by R. Stanley after a lecture by the author at the LABRI at the University of Bordeaux I in which the results of sections 1 and 2 were presented. The combinatorial description of the characters of the Brauer algebras was given in R1]. In section 1 we derived the \second orthogonality" for the irreducible characters of the Brauer algebra by appealing to facts from representation theory. Stanley's approach, given below, proves this orthogonality directly from the combinatorial interpretation of the irreducible characters. In this paper we are turning the picture upside down and in section 4 the result, Theorem (3.12) , from this approach of Stanley's will be combined with the results from sections 1 to give a new derivation of the irreducible characters of the Brauer algebras. Thus, for the moment, we do not know that the numbers ( ) in Proposition (3.11) actually are the irreducible characters of the Brauer algebras.
Let denote the ring of symmetric functions. We shall view as the polynomial ring The theorem now follows from (3.5). where the sum is over all partitions such that = is a border strip of length k and r( = ) is the number of rows in = .
Given partitions and we shall say that di ers from by a border strip if either and = is a border strip or and = is a border strip. We shall denote the border strip determined by and by bs( ; ). The length of a border strip is the total number of boxes in the border strip. The weight of a border strip bs( ; ) is wt(bs( ; )) = (?1) k?1 ;
where k is the number of rows occupied by bs( ; ). We shall make the convention that wt(bs( ; )) = 1. Let and = ( 1 ; 2 ; : : :; k ) be partitions. A -up-down border strip tableau of shape is a sequence of partitions T = (; = (0) ; (1) ; : : :; (k) = ) such that for each 1 j k either (1) (j) di ers from (j?1) by a border strip of length j , or (2) j is even and (j) = (j?1) . De ne the weight of the tableau T to be
wt(bs( (j) ; (j?1) )):
(3:10)
The following proposition follows from (3.8) and (3.9) and the de nition of the in (3.5).
(3.11) Proposition. Let be a partition of m and let be a partition of m ? 2`. Then
where the sum is over all -up-down border strip tableaux of shape and wt(T) is as given in (3.10). The second equality now follows from Theorem (3.7).
The irreducible characters of the Brauer algebra
The goal of this is section to show that one can use the \second orthogonality relations" to give a proof of the Frobenius formula and a derivation of the characters of the Brauer algebras which is elementary in the sense that it does not use 1) The fundamental theorem of invariant theory for the orthogonal group.
2) The Weyl character formula for the orthogonal group. We will, however, make the following assumption:
3) For a given m, the Brauer algebra B m (n) is semisimple for some n 2C 7 and the number of irreducible components is the number of partitions in the setB m = f `m ? 2k; 0 k bm=2c:g Remark. To my knowledge, it is still not known how to prove 3) without using 1). It is actually clear that 3) is true from Brauer's derivation of the Brauer algebra Br], which uses 1). Of course much stronger results concerning the semisimplicity of the Brauer algebra are known, see Wz] . A previous proof R1] of the Frobenius formula for the Brauer algebra used both 1) and 2) in a crucial way. It would be nice to be able to remove the second part of the assumption given in 3) above. For this it would be su cient to prove combinatorially that the center of the Brauer algebra has dimension greater than or equal to Card(B m ).
We need to collect some standard facts from representation theory and symmetric functions in the context of this special case. Although, the general results appear in some form in the lierature, ( Bou1] Chapt VIII, Bou2] Chapt. VI, and Mac]) we shall include the proofs for completeness, since the proofs are short and it is hard to give good references for these special cases. Note that the weight of a word is always of the form x a = x a1 1 x a2 2 x an n where a = (a 1 ; a 2 ; : : :; a n ) 2Z I I n For each sequence a 2Z I I n de ne n ], i.e. polynomials f such that wf = "(w)f for all w 2 H n . Let = (n ? 1=2; n ? 3=2; : : :; 3=2; 1=2). Then, since the elements
where is a partition, have no common terms, they are linearly independent elements in A. Further A completely combinatorial proof of the above lemma, which actually determines a combinatorial rule for computing the coe cients Kb ?1 , can be given in exactly the same way that Theorem (6.8) is proved in R1].
Recall the de nition of the power symmetric functions pb from section 2. LetB m as de ned in the beginning of this section and for each pair of partitions ; 2B m let ( ) denote the numbers de ned in where is the irreducible character of B m (2n + 1) corresponding to 2B m and E k is as in (1.4).
A determinantal formula
Given a Frobenius formula of the form given in Theorem (4.12) there is a \standard way" of deriving a determinantal type formula for the irreducible character. Although this procedure is well known to the experts it is periodically rediscovered. The general method is probably originally due independently to D.-N. Verma and A. Zelevinsky. A survey appears in R2]. We derive, explicitly, the determinantal formula for the special case of the Brauer algebra in the following theorem. To our knowledge this formula has not been explicitly worked out for the Brauer algebra except for the case where the characters are evaluated at the identity, which appears in GM]. The result in GM] is interesting as they describe a generating function for the dimensions of the weight space representations in terms of Bessel functions. A similar Bessel function description can also be given for the general character of the weight space, but it is not particularly nice in the general case; we shall not present it here.
For each 2B m , let denote the irreducible character of B m (2n + 1) corresponding to . For each a = (a 1 ; a 2 ; : : :; a n ) 2Z I I n let (a) be the partition determined by rearranging the sequence (ja 1 j; ja 2 j; : : :; ja n j) into decreasing order. Let a1 a2 an denote the character (a) of the weight space (V m ) (a) . 16
